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Abstract
We apply the Hubbard-Stratanovich transformation to the La-
grangian for nontopological solitons of the Coleman type in a two-
dimensional theory. The resulted theory with an extra real scalar
field can be supplemented with a cubic term to obtain a model with
exact analytical solution.
1 Introduction
Internal symmetry may provide a mechanism of stabilization of extended
objects in a scalar field theory with an appropriate self-interaction [1, 2].
Constructions with extra scalar fields are also possible [3] depending on the
existence of a second symmetry which is spontaneously broken1. Following [2]
we will say that the latter theories and theories with only one scalar field are
of different genus. In four space-time dimensions such spherically symmetric
solutions are usually referred to as Q-balls of the Coleman and Friedberg-
Lee-Sirlin types respectively.
In this paper we will study nontopological solitons in two-dimensional
theories providing analytical solutions. We will start from the theory of
one complex scalar field with self-interaction. Consideration of this self-
interaction as an effective interaction due to the massive field leads to the
∗
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1See also references on earlier works in [3].
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theory with an extra scalar field similar to the Friedberg-Lee-Sirlin case. We
show that the theory of a single complex scalar field can be completed in a
simple way to obtain an explicit solution for the nontopological soliton.
2 Nontopological soliton of the Coleman type
Let us start with the simplest model of a scalar field in two dimensions. The
U(1)-invariant Lagrangian density is
L ≡ T − V = ∂µφ∗∂µφ−m2(φ∗φ) + λ
2
(φ∗φ)2 (1)
with positive2 λ. Decay of the vacuum φ = 0 is exponentially suppressed in
the case of λ/m2 ≪ 1, thus we can use density (1) for the effective description.
Q-balls in this model were examined in [4] and the earlier works on soliton
interaction. For the usual anzatz
φ(t, z) = eiωtf(z)
one can obtain a solution of the form
f =
√
2(m2 − ω2)
λ
1
cosh(
√
m2 − ω2z) . (2)
For ω = 0 it corresponds to the bounce for the tunnelling problem3.
Energy E and charge Q are finite for all ω ∈ [0, m]:
E =
8
λ
√
m2 − ω2
(
m2 − 2
3
(m2 − ω2)
)
, (3)
Q =
8ω
λ
√
m2 − ω2. (4)
On Fig.1 we plot the E(Q) dependence for λ = m2. To obtain this de-
pendence for arbitrary λ one can use the following scaling to dimensionless
parameters:
ω → ω
m
, E → E
m
λ
m2
Q→ Q λ
m2
. (5)
2The potential V is unbounded from below. However one can add positive term ǫ(φ∗φ)3
with ǫ≪ λ to cure the model for large values of the field.
3This feature can be used as a starting point for the demonstration of the existence of
continuius family of solutions [5].
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It is useful to introduce an analogue of the grand potential
Ω(ω) ≡ E(Q(ω))− ωQ(ω) = 8
3λ
(√
m2 − ω2
)3
. (6)
From obvious relation Q = −dΩ/dω one can obtain the equality dE/dQ = ω,
which may be used to verify our result. This relation is also useful for apply-
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Figure 1: The E(Q) dependence for λ = m2 (solid line). Dashed line corre-
sponds to free particles with E = mQ.
ing the classical stability criterion d2E/dQ2 < 0 (or, using (6), ∂2Ω/∂ω2 > 0)
of [6]:
d2E
dQ2
=
dω
dQ
=
8
λ
√
m2 − ω2 1
m2 − 2ω2 .
It means that the solution is stable classically for ω/m ∈ (1/√2, 1). This
range of parameters corresponds to the lower branch of Fig.1 with Qmin = 0
and Qmax = 4m
2/λ. Thus, for the small coupling regime m2/λ≫ 1 one can
consider nontopological solitons with large Q as quasiclassical objects.
3
3 Analytical solution with extra field
Interaction in (1) can be considered as an effective interaction due to an extra
very massive real scalar field χ [7]. Let us consider the Lagrangian
∂µφ
∗∂µφ−m2(φ∗φ) + 1
2
∂µχ∂
µχ− M
2
2
χ2 + gχ(φ∗φ).
In the limit M2 ≫ m2 the heavy field χ can be integrated out to obtain
an effective low-energy theory of a single field φ. The tree-level result is
equivalent to (1) with self-interaction coupling constant λeff =
g2
M2
.
One can find a solution in the system of coupled fields using the pertur-
bation theory. However, note that an exact analytical solution exists in the
following model
L = ∂µφ∗∂µφ−m2(φ∗φ) + 1
2
∂µχ∂
µχ− M
2
2
χ2 + gχ(φ∗φ) + gχ3. (7)
Here the coupling constant g is arbitrary, but the cubic interaction is tuned.
The solution for a nontopological soliton looks like
φ = eiωt
A
cosh(
√
m2 − ω2z) , χ =
B
(cosh(
√
m2 − ω2z))2 , (8)
where
A =
√
m2−ω2
g
√
2(M2 − 4(m2 − ω2)),
B = 2(m
2−ω2)
g
.
(9)
The charge of this configuration
Q =
8ω
√
m2 − ω2
g2
(M2 − 4(m2 − ω2)) (10)
and the energy
E =
8
√
m2 − ω2
g2
(
2
3
ω2M2 +
1
3
m2M2 − 2(m4 − ω4) + 6
5
(m2 − ω2)2
)
. (11)
also satisfy the constraint4 dE/dQ = ω. The Compton length of our solution
is small compared to its characteristic size for the intermediate values of ω/m
for g/M2 ≪ 1.
The reason of integrability of equations of motion lies in the formal cor-
respondence to the problem of classical mechanics with the He´non-Heiles
4This relation also holds for solitons with arbitrary V (χ) in the Lagrangian (7).
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potential [8] (see also [9] for an explicit integral of motion for our choice of
the cubic interaction).
One can see from (9) that the range of allowed values is ω/m ∈ [0, 1]
for M/m ≥ 2 and ω/m ∈ [
√
1− (M/(2m))2, 1] for M/m ≤ 2. From Fig.2
one can see that the E(Q) dependence reproduces the shape of Fig.1 even
for the value m/M = 0.33 which is not very small. One can also obtain the
values of the charge and the energy for the coupling constant g 6= m2 using
an analogue of reparametrization (5).
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Figure 2: The E(Q) plots for M/m ≥ 2, g = m2 (left plot, M/m = 2 – thick
line, M/m = 2.5 – dashed line, M/m = 3 – dotted line) and m/M ≤ 2,
g = m2 (right plot, M/m = 1.5 – thick line, M/m = 1.7 – dashed line,
M/m = 2 – dotted line).
4 Conclusion
New analytical solution for nontopological soliton with an extra scalar field
is obtained. The integrability of equations of motion is determined by the
formal correspondence to the problem of classical mechanics with the He´non-
Heiles symmetry. There is no additional discrete symmetry in (7) which can
be spontaneously broken. In this sense our soliton is not of the Friedberg-
Lee-Sirlin type. However, the absence of self-interaction for the field φ in
(7) is crucial, because the existence of solution is determined by the extra
field χ. We examined the limit m/M → 0 in which the theory with the
simplest self-interaction is reproduced in the tree-level approximation. A
5
remarkable feature of our model that is its renormalizability in theories with
extra dimensions, i.e. cubic interactions in (7) are irrelevant operators in
theories with more than three spatial dimension.
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